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In this article, we define an invariant for Lagrangian submanifold 
and prove that if the Lagrangian submanifold contained in the ball of 
radius r, then the invariant is less than 47rr 2 . This modifies Gromov's 
Lagrangian embedding theorem. 

Keywords Symplectic geometry, J-holomorphic curves, Chord. 
2000MR Subject Classification 32Q65,53D35,53D12 

1 Introduction and results 

Let (M, uj) be a symplectic manifold. Let J be the almost complex structure 
tamed by u, i.e., u(v,Jv) > for v G TM. Let J the space of all tame 
almost complex structures. 

Definition 1.1 Let 



s(M, u, J) = inf { / f*co > 0\f : S 2 -> M is J - holomorphic} 
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Definition 1.2 Let 

s(M,u) = sup l(M, uj, J) 
JeJ 

Let W be a Lagrangian submanifold in M, i.e., u;|VF = 0. 
Definition 1.3 Let 

Z(M, w) = inf{| [ f*u\>0\f: (D 2 , 8D 2 ) - (M, W)} 

Theorem 1.1 Let (M, a;) fre a closed compact symplectic manifold or a man- 
ifold convex at infinity and M x C be a symplectic manifold with symplectic 
form uo © a, here {C,cr) standard symplectic plane. Let 47rr 2 < s(M,u) and 
B ro (0) C C the closed disk with radius r . IfW is a close Lagrangian mani- 
fold in M x B ro (0), then 

l(M,W,w) < A-nrl 

This can be considered as an Lagrangian version of Gromov's symplectic 
squeezing. 

Corollary 1.1 ( Gromov[10])Let (V, u>') be an exact symplectic manifold with 
restricted contact boundary and uj' = da' . Let V x C be a symplectic man- 
ifold with symplectic form uj' © a = da = d(a' © a^, here (C, a) stan- 
dard symplectic plane. If W is a close exact Lagrangian submanifold, then 
l(V x C,W,u) == oo, i.e., there does not exist any close exact Lagrangian 
submanifold in V x C . 

Corollary 1.2 Let L n be a close Lagrangian in R 2n and L(R 2n ) L n ) uj) = 
4nr 2 > 0, then L n can not be embedded in B ro (0) as a Lagrangian submani- 
fold. 

Sketch of proofs:We will work in the framework proposed by Gromov 
in [10]. In Section 2, we study the linear Cauchy-Riemann operator and sketch 
some basic properties. In section 3, we study the space V(V, W) of disks in 
manifold V with boundary in Lagrangian submanifold W. In Section 3, we 
construct a Fredholm section of tangent bundle of T>(V,W). In Section 4, 
we construct an anti-holomorphic section and prove that it is not proper. In 
section 5, we use Gromov's nonlinear Fredholm alternative to prove Theorem 
1.1. 
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2 Linear Fredholm theory 



For 100 < k < oo consider the Hilbert space V k consisting of all maps 
u £ H k ' 2 (D,C n ), such that u{z) £ R n C C n for almost all z £ dD. L k ^ 
denotes the usual Hilbert Lk-i— space Hk-i(D,C n ). We define an operator 
5 : V p i-> L p by 

du = u s + m t (2.1) 

where the coordinates on D are (s,t) = s + it, D = {z\\z\ < 1}. The following 
result is well known, see [22]. 

Proposition 2.1 d : V p ^ L p is a surjective real linear Fredholm operator 
of index n. The kernel consists of the constant real valued maps. 

Let (C n ,a = — Im(-, •)) be the standard symplectic space. We consider a 
real n— dimensional plane R n C C n . It is called Lagrangian if the skew- 
scalar product of any two vectors of R n equals zero. For example, the plane 
p = and q = are Lagrangian subspaces. The manifold of all (nonoriented) 
Lagrangian subspaces of R 2n is called the Lagrangian-Grassmanian A(n). One 
can prove that the fundamental group of A(n) is free cyclic, i.e. 7Ti(A(n)) = Z. 
Next assume (T(z)) ze dD is a smooth map associating to a point z £ dD a 
Lagrangian subspace T(z) of C n , i.e. (T(z)) ze go defines a smooth curve a in 
the Lagrangian-Grassmanian manifold A(n). Since 7Ti(A(n)) = Z, one have 
[a] = ke, we call integer k the Maslov index of curve a and denote it by 
m(r), see([2]). 

Now let z : S 1 i— > R n C C n be a smooth curve. Then it defines a 
constant loop ct in Lagrangian-Grassmanian manifold A(n). This loop defines 
the Maslov index m(a) of the map z which is easily seen to be zero. 

Now Let (V, u) be a symplectic manifold and W C V a closed Lagrangian 
submanifold. Let u : D 2 — > V be a smooth map homotopic to constant map 
with boundary 9-D C W. Then u*TV is a symplectic vector bundle and 
(w|aD)*TW^ be a Lagrangian subbundle in u*TV . Since w is contractible, we 
can take a trivialization of u*TV as 

$( M *TV) =DxC n 

and 
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Let 

7T 2 : D x C n -> C n 

then 

m : 2; 6 S 1 — >■ 7r 2 $(u| aD )*7W(z) G A(n). 

Write u = u\qd- 

Lemma 2.1 Let u : (D 2 ,dD 2 ) — > (V, W) fre a C k -map (k > 1) as afowe. 
T/ien, 

raWao) = 

Proof. Since w is contractible in V relative to W, we have a homotopy $ s of 
trivializations such that 

$ s (u*TV) =DxC n 

and 

&,(u\ aD )*TW) CS 1 xC n 

Moreover 

&o(u\ dD )*TW = S l xR n 

So, the homotopy induces a homotopy /i in Lagrangian-Grassmanian mani- 
fold. Note that m(h(0, •)) = 0. By the homotopy invariance of Maslov index, 
we know that m(u\Qr>) = 0. 

Consider the partial differential equation 

du + A(z)u = on D (2.2) 

u{z) G T(z)R n for zedD (2.3) 

T(z) G GL(2n, R) n Sp(2n) (2.4) 

m(r) = (2.5) 

For 100 < k < 00 consider the Banach space t4 consisting of all maps 
u G H k > 2 (D,C n ) such that u(z) G T(z) for almost all 2 G &D. Let the 
usual Lk-\— space Hk-i(D,C n ) and 

L fc _i(S' 1 ) = {m G if*" 1 ^ 1 )]^) G r(z)i? n /or 2 G 0£>} 
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We define an operator P: 14 — > Lk-\ x Lfc_i(S' 1 ) by 

P(«) = (9m + Am,m| 9d ) (2.6) 

where D as in (2.1). 

Proposition 2.2 3 : V p L p is a real linear Fredholm operator of index n. 

3 Nonlinear Fredholm Theory 

Let (M, uj) be a closed symplectic manifold with almost complex structure 
Jm tamed by u, i.e., u(-,Jm-) determines a Riemannian metric qm- Let 
(R 2 , uq) be the standard symplectic vector space with the adapted metric go 
and J = i. Let W is a close Lagrangian sub manifold in M x C. 

Let 

£> fe (\/ W 7 "^) = {ue H k (D, V)\u(x) G W a.e for x e 3D and u{\) = p} 
for k > 100. 

Lemma 3.1 Let W be a closed Lagrangian submanifold in V . Then, 

V k (V, W,p) = {ue H k (D, V)\u(x) G W a.e for x G 3D and u{\) = p} 
is a pseudo-Hilbert manifold with the tangent bundle 

TV h (V,W,p)= (J K k -\u*TV,u\* dD TW,p) (3.1) 

u£V k {V,W,p) 

here 

A k - 1 (u*TV,u\* 9D TW,p) = 
{if fc_1 — sections of (u*(TV), (u\qd)*T L) which vanishes at 1} 

Note 3.1 Since W is not regular we know that V k (V,W,p) is in general 
complete, however it is enough for our purpose. 
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Proof: See [3, 13]. 

Now we consider a section from V k (V, W,p) to TV k (V, W,p) follows as 
in [3, 10], i.e., let 8 : V k (V, W,p) -»• T£> fe (\/, be the Cauchy-Riemmann 
section 

for u G V k (V,W,p). 

Theorem 3.1 The Cauchy-Riemann section 8 defined in (3.2) is a Fredholm 
section of Index zero. 

Proof. According to the definition of the Fredholm section, we need to prove 
that u G V k (V, W,p), the linearization Dd(u) of 5 at u is a linear Fredholm 
operator. Note that 

Dd{u) = Dd [u] (3.3) 

where 

(Dd [u] )v = -£ + J-£ + A(u)v (3.4) 

with 

v\ 9 d e (u\ dD YTW 

here A(u) is 2n x 2n matrix induced by the torsion of almost complex struc- 
ture, see [3, 10] for the computation. 

Observe that the linearization Dd(u) of 8 at u is equivalent to the fol- 
lowing Lagrangian boundary value problem 

^ + + A(u)v = f,ve A k (u*TV) 

v(t) G T u(t) W, t G dD (3.5) 

One can check that (3.5) defines a linear Fredholm operator. In fact, by 
proposition 2.2 and Lemma 2.1, since the operator A(u) is a compact, we 
know that the operator 8 is a nonlinear Fredholm operator of the index zero. 

Definition 3.1 Let X be a Banach manifold and P : Y — > X the Banach 
vector bundle. A Fredholm section F : X — > Y is proper if F _1 (0) is a 
compact set and is called generic if F intersects the zero section transver sally, 
see [3, 10]. 
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Definition 3.2 deg(F,y) = 1 (0)}mod2 is called the Fredholm degree of 
a Fredholm section (see[3, 10]). 

Theorem 3.2 Assum that the Fredholm section F — d : V k (V,W,p) — > 
T^V k (V,W,p) constructed in (3.2) is proper. Then, 



Proof: We assume that u : D i— > V be a J— holomorphic disk with boundary 
u(dD) C and by the assumption that u is homotopic to the constant map 
Uq(D) = p. Since almost complex structure J tamed by the symplectic form 
u, by stokes formula, we conclude u : D — > V is a constant map. Because 
= p, We know that i r_1 (0) = p. Next we show that the linearizatioon 
DF(p) of F at p is an isomorphism from T p V(V, W : p) to E 1 . This is equivalent 
to solve the equations 



here J = J(p) = i and A a constant matrix. By Lemma 2.1, we know that 
DF(p) is an isomorphism. Therefore deg(F,0) = 1. 

4 Non-properness of a Fredholm section 

In this section we shall construct a non-proper Fredholm section F\ : T> — > E 
by perturbing the Cauchy-Riemann section as in [3, 10]. 

4.1 Anti-holomorphic section 

Let {V',uj') = (M,cum) and (V,u>) = (V x C, u' © u ), for convenience we 
assume n — 1, and as in section3 and J = J' © i, g = g' © go, go the 
standard metric on C. 

Now let c G C be a non-zero vector. We consider the equations 



de<7(F,0) = l 




(3.6) 
(3.7) 



f = 



(v',f):D^V'xC 
dj,v' = 0,df = c 
v\ dD :0D^W 



(4.1) 
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here v home-topic to constant map {p} relative to W. Note that W C V x 
B ro (0) for Anr 2 < s{M,uj). 

Lemma 4.1 Let v be the solutions of (4-1), then one has the following esti- 
mates 

. . r . ,.dv' ^,dv\ ,,dv' ^,dv\ 

Proof: Since v(z) = (v'(z), f(z)) satisfy (4.1) and v(z) = (v'(z), f(z)) G 
V x C is homotopic to constant map v : D — > {p} C W in {V, W) , by the 
Stokes formula 

Jv*(u'@u ) =0 (4.3) 

Note that the metric g is adapted to the symplectic form uj and J, i.e., 

g = u(-,J-) (4.4) 
By the simple algebraic computation, we have 

Jv*w = ^J(\dv\ 2 -\dv\ 2 ) = Q (4.5) 



and 



Then 



|Vu| = 7 z(\dv\ 2 + \dv\ 2 (4.6) 



E(v) = / |Vu| 

JD 



j D {\{\dv\ 2 + \dv\ 2 )}da 



= «\c\ 2 go (4.7) 



By the equations (4.1), one get 

Of = c on D (4.8) 
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We have 

f(z) = \cz + h(z) (4.9) 

here h(z) is a holomorphic function on D. Note that f(z) is smooth up to 
the boundary dD, then, by Cauchy integral formula 

/ f(z)dz = -c [ zdz + / h(z)dz 
JdD JK J 2 JdD JdD V ; 

= iric (4.10) 

So, we have 

|c 

Therefore, 



f(z)dz\ (4.11) 



E(y) < n\c\ 2 < j dD f(z)dz\ 2 



< -i / i/wiHr 

< 47r|ciiam(pr2(M / )) 2 

< Anr 2 . (4.12) 
This finishes the proof of Lemma. 

Proposition 4.1 For |c| > 3r 0; i/ien i/ie equations (4-1) has no solutions. 
Proof. By (4.11), we have 

|c| <-j \f{z)\\dz\ 

IT JdD 

< - f diam(pr 2 (W))\\dz\ 

7T JdD 

< 2r (4.13) 
It follows that c = 3r can not be obtained by any solutions. 
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4.2 Modification of section c 

Note that the section c is not a section of the Hilbert bundle in section 3 
since c is not tangent to the Lagrangian submanifold W, we must modify it 
as follows: 

Let c as in section 4.1, we define 

c *^) = { otherwise (414) 

Then by using the cut off function iph(z) and its convolution with section 
c Xt s, we obtain a smooth section c$ satisfying 

I \ f c if \z\ < 1 — 35, 

<*(*,«) = | if Uj > i _ <y. ( 415 ) 

for /i small enough, for the convolution theory see [12]. 

Now let c G C be a non-zero vector and cs the induced anti-holomorphic 
section. We consider the equations 

v = ( v \ f):D^V'xC 
djiv' = 0, Bf = c s 
v\ dD :dD^W (4.16) 

Note that W C V x S ro (0) for AtyTq < s{M,uj). Then by repeating the same 
argument as section 4.1., we obtain 

Lemma 4.2 Let v be the solutions of (4-16) and 5 small enough, then one 
has the following estimates 

E{v) <Anrl< s{M,oj). (4.17) 

and 

Proposition 4.2 For \c\ > 3r 0; then the equations (4-16) has no solutions. 
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4.3 Modification of J % 

Now let V = M x R 2n and Ji = Jm ©ionV and J2 = J any almost complex 
structure on M x i? 2n . Now we consider the product D 2 x V and almost 
complex structures on it. 



Then by using the cut off function ^h{ z ) and its convolution with section 
J Xt s, we obtain a smooth section J$ satisfying 



for h small enough, for the convolution theory see [12]. 

Then as in section 4.2, one can also reformulation of the equations (4.16) 
and get similar estimates of Cauchy-Riemann equations, we leave it as exer- 
cises to reader. 

Theorem 4.1 The Fredholm sections iq = B+c s : V k {V, W,p) -> T(V k {V, W,p) 
is not proper for \c\ large enough. 

Proof. See [3, 10]. 

5 J— holomorphic section 

In this section we show that the boundaries of the Cauchy-Riemann solutions 
of (4.16) remain in a finite part of the Lagrangian submanifold W by using 
the monotone inequality. 

5.1 J-holomorphic section 

Recall that W C £ C V =C M x R 2n as in section 3. The Riemann metric 
gonMx R 2n induces a metric g\W . We assume that n = 1 for convenience. 




(4.18) 




(4.19) 
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Now let c G C be a non-zero vector and c$ the induced anti-holomorphic 
section. We consider the nonlinear inhomogeneous equations (4.16) and trans- 
form it into J— holomorphic map by considering its graph as in [3, 10]. 

Denote by — > D x V the bundle of homomorphisms T S (D) — > T V (V). 
If D and V are given the disk and the almost Kahler manifold, then we 
distinguish the subbundle X^ C which consists of complex linear ho- 
momorphisms and we denote X^ — > D x V the quotient bundle Y^/X^\ 
Now, we assign to each C 1 -map v : D — > V the section <9t> of the bundle 
over the graph T v C D x V hy composing the differential of v with the 
quotient homomorphism Y^ — > If C5 : D x V — > X is a section 

we write <9t> = 0,5 for the equation <9i> = cjIT^. 

Lemma 5.1 ( Gromov[ 10]) There exists a unique almost complex structure J g 
on D x V ( which also depends on the given structures in D and in V ), such 
that the (germs of) J 5— holomorphic sections v : D — > D x V are exactly 
and only the solutions of the equations dv = eg. Furthermore, the fibres 
zxV C DxV are J s- holomorphic ( i.e. the subbundles T(zxV) C T(DxV) 
are Jg— complex) and the structure J$\z x V equals the original structure on 
V = z x V. 

6 Proofs of Theoreml.l 

Theorem 6.1 There exists a non-constant J —holomorphic mapu : (D, 3D) — > 
(M x C, W) with E{u) < A-nrl < s(M,u). 

Proof. By choose a J such that s(M, u>, J) > 4irr 2 , we know that J— holomorphic 
sphere is removed. But the results in section 4 shows the solutions of equa- 
tions (4.16) must denegerate to a cusp curves, i.e., we obtain a Sacks-Uhlenbeck- 
Gromov's bubble, i.e., disk with boundary in W with its area less that Airr^. 
For more detail, see the proof of Theorem 2.3.B in [10]. 

Proof of Theorem 1.1. By Theorem 6.1, it is obvious. 

Note 6.1 This work follows from [14]. One can use the work of this paper 
to reprove or generalizes the results in [14, 15] 
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